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Required Ranges for Conflict Resolutions
in Air Traffic Management

Vincent H. Kuo* and Yiyuan J. Zhao'
University of Minnesota, Minneapolis, Minnesota 55455

To maintain sufficient separation between two aircraft, either one or both aircraft must initiate avoidance
maneuvers when their relative range approaches a certain limit before minimum separation standards are violated.
This limit is defined as the required range for conflict resolutions. A two-step procedure based on optimization
methodsis presented for calculatingrequired ranges. First, anonlinear optimal control problem is used to determine
the minimum range for a given relative heading angle of the intruder aircraft, at which immediate avoidance
maneuvers starting from this point onward would just be sufficient to maintain the minimum separation standards.
Then, the required range for conflict resolutions is estimated by finding the largest minimum range over all
meaningful relative heading angles of the intruder aircraft. Point-mass aircraft models of a typical commercial
aircraft are used. Both cooperative and noncooperative maneuvers are studied. The nonlinear optimal control
problems are converted into parameter optimizations via a collocation approach for numerical solutions. Required
ranges are calculated for the individual uses of heading control, speed control, and altitude control.

Nomenclature

a matrix

a,b = horizontal and vertical separation requirements,
respectively

parasite drag coefficient

lift and drag coefficients, respectively
nonlinear vector function of X
aerodynamic drag

generic function

gravitational acceleration

inertial altitude

length of time subintervals

drag polar coefficient

aerodynamic lift

lower bound vector

Mach number

aircraft mass, number of control variables
number of nodes for NPSOL
number of state variables

range between two aircraft

relative range in the horizontal plane
aircraft reference area

engine thrust

time

upper bound vector

generic control vector

airspeed

characteristic speed

aircraft weight

solution parameter vector

east and north positions, respectively
generic state vector

defined variables

bearing angle

air-relative flight-path angle
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® = elevationangle

K = thrustsetting

0 = air density

T = normalized time

¢ = bank angle

v = heading angle of the range vector
¥ = air-relative velocity heading
P, = relative heading angle
Subscripts

CR = cruising conditions

f = final value

0 = initial value

1 = own aircraft

2 = intruder aircraft

Superscripts

= time derivative
= derivative with respect to normalized time
= normalized variable

Introduction

HE nation’s air traffic control (ATC) system is responsible for

maintaining separations among all aircraft following instru-
mentflightrules.! ATC facilitiesunderthe jurisdictionof the Federal
Aviation Administration (FAA) employ about20,000controllersna-
tionwide and handle about 170,000 aircraft operations per day. Air
traffic has increased significantly over the last several decades and is
expectedto grow further. Growth in air traffic has severely burdened
both the existing air traffic control infrastructure and the air traffic
controllers.

The current ATC system maintains aircraft separations through
pilot adherence to predefined routes and flight procedures and con-
trollerinterventions.In the recently proposedconceptof a free-flight
environment for future air traffic management? aircraft operators
can change flight paths in real time to achieve the optimal efficiency
for the aircraft. Air traffic controllersare only supposedto intervene
to resolve potential conflicts among aircraft.

For both the currentand future air traffic systems, aircraft must be
sufficiently separated from one another. Currently, the FAA spec-
ifies that any two aircraft in high-altitude en route airspace must
be separated by at least 2000 ft vertically or 5 n mile horizontally.
The horizontal requirement becomes 3 n mile over terminal areas,
and the vertical requirement becomes 1000 ft below flight level 290
(29,000 ft). These requirements constitute the minimum separation
standards at the present time.
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In general, the minimum separation standards are affected by ac-
curacies of navigationand surveillance, by controllerpilot response
and communicationdelays, by response times of aircraftmaneuvers,
by winds aloft, and by characteristicsof aircraft turbulent wake vor-
tices. The current minimum separation standards are designed to
ensure a sufficient margin of safety even with the largest likely error
in each component of the ATC system. The minimum separation
standards will likely be decreased over time, due to advances in
aircraft communication, navigation, and surveillance, as well as in-
creased understanding of aircraft wake vortices.

Because of the finite time needed to change aircraft flight states,
the execution of conflict resolution maneuvers requires a sufficient
space to be successful. In other words, proper conflict avoidance
maneuvers must be started when the relative range between two
aircraft approachesa certain boundary, before the minimum separa-
tion standardsare violated. Of course, individualaircraft can always
start avoidance maneuvers in advance of this range boundary, when
a potential conflict is detected.

This paper introduces the concept of required range for conflict
resolutions at which conflict avoidance maneuvers become neces-
sary. A two-step procedure based on optimization methods is pre-
sented for calculating required ranges for pairwise conflict resolu-
tions. Specifically, nonlinear optimal control problems are first used
to determine minimum ranges between two aircraftat which correct
conflict resolution maneuvers must be initiated to avoid potential
conflicts under specified aircraft flight conditions. These minimum
ranges are functions of the relative heading angle and the bearing
angle of the intruder aircraft, the type of control authority used for
conflict resolutions, and other aircraft flight conditions. Then, the
requiredrange is determinedas the largest of these minimum ranges
over all likely relative heading angles of the intruder aircraft. There-
fore, the required range conceptoffers a somewhat conservative de-
scription of the necessary range required for performing successful
conflict resolution maneuvers. It can play roles similar to the con-
ceptofan alert zone, which is a time-based region of airspace that is
used to indicate a condition where intervention may be necessary?
Knowledge of required ranges can reveal the effectiveness of dif-
ferent conflict resolution strategies and control authorities.

In this paper, point-mass aircraft models of typical commercial
aircraft with a single control authority are used. Aircraft control
is assumed to be heading, speed, or altitude. The formulated opti-
mal control problems are converted to parameter optimizations via
a collocation approach for numerical solutions. Both cooperative
maneuvers and noncooperative maneuvers are examined.

In the past, algorithms have been studied and used for automatic
detection and resolution of aircraft conflicts in practical applica-
tions. The Center/TRACON Automation System (CTAS) developed
at NASA Ames Research Center can assist air traffic controllers
by providing computer-generated flight advisories?~7 These advi-
sories, consisting of speed, heading, and altitude instructionsto the
pilots, guarantee safe separations among all aircraft and produce
an expeditious flow of traffic. In particular, CTAS detects and pro-
vides options for resolving potential conflicts.®~!* In comparison,
the Traffic Alert and Collision Avoidance System (TCAS)!>~!® was
developed for onboard use by individual aircraft. TCAS senses the
presence of nearby aircraft by interrogating the transponders car-
ried by other aircraft. When TCAS senses that a nearby aircraft is
a possible collision threat, it issues a traffic advisory to the pilot
indicating the presence and location of the other aircraft. If the en-
counter becomes hazardous, TCAS can issue a maneuver advisory
for collision avoidance. Advanced versions of TCAS are still under
development.

In addition, there has been extensive research on determin-
ing strategies and algorithms for aircraft conflict detection and
resolution.!*=3® In particular, nonlinear optimal control theories are
used to determine conflict avoidance maneuvers3 =3¢ Compared
with the past work, the current paper focuses on ranges required for
conflict resolutions, rather than specific strategies for conflict reso-
lutions. In this regard, the potential use of optimal control theories
in estimating alert zones is mentioned in Ref. 32.

This paper focuses on two-aircraft conflict scenarios. The major-
ity of potential conflicts in the current air traffic system involve two

aircraft at a time. Whether the probability of multiple-aircraftcon-
flicts would be higherin the proposedfree-flightconceptis stillbeing
studied. Regardless, a clear understanding of two-aircraft conflict
scenariosis fundamentallyimportant to the development of conflict
resolution strategies for multiple aircraft.

Modeling of Aircraft Dynamics
and Separation Standards

Required ranges for conflict resolutions can be conveniently de-
scribed from an airborne point of view. Therefore, relative equations
of motion of one aircraft with respect to another are used. Figure 1
shows the three-dimensionalgeometry of an intruder aircraft (AC,)
with respect to the own aircraft (AC,). The AC, and the AC, are
considered point masses with airspeed vectors V; and V,, respec-
tively. The orientation of an airspeed vector V can be specified by
the air-relative flight-path angle y and the heading angle . The air-
relative flight-path angle is the angle between the airspeed vector
and the local horizon and is positive when the aircraft climbs. The
heading angle is measured from the north to the projection of the
airspeed vector onto the local horizontal plane.

With respect to AC,, the orientation of AC, can be described by
the relative heading angle and the bearing angle,

Y, =, — 1, ey
B=V¥ -1, (2)
In this paper, it is assumed

—180 < 8 <180 0 <1, <360 3)
with angles in degrees.

Point-mass equations of motion for a single commercial aircraft
under the flat Earth assumption can be found in Ref. 37. The relative
coordinates of AC, with respect to AC,; relate to differences in
inertial positions of the two aircraft through

Rcos@sin\llzxz—xléAx 4)
Rcos@cos\llzyz—yléAy 3)
Rsin® = h, — h; 2 Ah (6)

To obtain relative equations of motion of AC, with respect to AC,,
one can differentiate Egs. (4-6) and solve for R, ¥, and ®. By the
neglecting of relative wind components, a set of general equations
of motion for the two aircraft are given as

R = —V,[cos © cos(¥ — ;) cosy; +sin @ siny;]

+ Vs[cos © cos(¥ — 1p,) cosy, + sin® sin y, | 7)
Rcos OW =V, sin(¥ — ) cosy; — Vosin(W —1p,)cosy, (8)
R® = V,[sin © cos(¥ — 1) cosy; — cos @ siny,]

—V,[sin ® cos(¥ — ),) cos y, — cos © sin ;] 9)

Fig.1 Two-aircraft conflict geometry.
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mVy =T, — D, —m,gsiny (10)
m;V cosyvp; = L sin (11
m,Vs =T, — Dy — m,g siny, (12)
m, V5 cos y2¢2 = L,sin¢, (13)
X, = V) cosy, siny, (14)
y1 = Vi cosy; cosp, (15)
hy = V;siny, (16)

where
L=1pV’SC, (17)
D =1pv2sC) (18)
Cp=Cp, +KC? (19)

In the following, required ranges for conflict resolutions are cal-
culated for the use of single control authorities.Simplified equations
of motion and constraints are discussed in specific cases. For good
numerical efficiencies, all variables are normalized by proper com-
binationsof a characteristicspeed V. and the accelerationof gravity,
g. We have

_ Vv _ - R h

V== REG ="
Ve v2/g
t d V.d

=l e KO (20)
V./g T g dr

To obtain specific numerical results, aircraft characteristicsbased
on a typical commercial aircraft model derived in Ref. 38 are used.
The major parameters of this aircraft model are as follows: (Tiax/
W)cr =0.087, K =0.057, Cp, =0.019, pcg =7.38 x 10~ slugs/
ftt, W/S=106.8 psf, Mcg =0.8, and Vg =461.2 kn. A typical
cruise flight phase is considered.

The currentdefinitions of minimum separation standards are sim-
ple to conceptualize but difficult to use in optimization studies. Op-
timization methods often use gradientinformation and, thus, prefer
smooth functions. An ellipsoidal approximationto these separation
standards was proposed in Ref. 39. In this smooth approximation,
each aircraftis centered inside a hypothetical conflict ellipsoid with
semimajor axis a and semiminor axis b. For en route flights over
flight level 290, a =5 n mile and b =2000 ft. Any other aircraft
penetrating this hypotheticalellipsoid can be considered as causing
a conflict. Using this ellipsoidal approximation, the conflict-free
requirement is given by

[(Ax)* + (Ay)’l/a® + [(AR)? /b1 = 1 1)

or from Egs. (4-6)

R(t) = ab/\/a2 sin® ® + b2 cos? © (22)

For coaltitudelevel flights, ® =0, and the conflict-free requirement
becomes R(t) >a.

Two types of conflict avoidance maneuvers are considered. In a
cooperative maneuver, both aircraft try to avoid each other’s pro-
tected zones. In a noncooperativemaneuver, only AC, tries to avoid
AC,, whereas AC, maintainsits original flight path. The case where
AC, may accidentally maneuver to cause a conflict is not included
here.

Numerical Solutions of Optimal Control Problems

A genericoptimal controlproblemin this paper seeks to determine
the optimal final time 7 and the control history u () from

min I = ¢[x(1)] (23)
u(t),tf

subject to
x = flx(®), u@), 1] (24)
wlx(t), 1] > 0 (25)
Slx(®), u@®),t1>0 (26)
Plx(ty), t;1>0 27

where ¢ is a scalar cost function, ¢ contains constraintsat the initial
time, S contains various path constraints, and 1) contains terminal
constraints*® In general, ¢, S, and v are vectors.

An effective approach to solving nonlinear optimal control prob-
lems is to convert them into parameter optimizations*!~*3 In par-
ticular, the collocation method parameterizes both state and control
variables into parameters and is highly flexible. In a collocation
method, the time interval of solution is divided into a series of N
user-selected nodes (or time points):

hy=t <h<- <l < <ty=lf (28)
which can be either equally or variably spaced. Define for k =

,...,.N—1,
hy =ty — & (29)

At each node t;, we discretize both the state and control variables.
Figure 2 shows the discretizationof state variables. The correspond-
ing discretized variables are represented by

Xpyees Xy, Xy (30)

wl, ooy, iy (31)
where x, = x' (1) is the ith componentof the state vectorx evaluated
at #; and u,i = u/ (1) is the jth component of the control vector u
evaluatedat ty,i=1,...,n, j=1,...,m,andk=1,..., N.
There are many ways to approximate the dynamic equation in
Eq. (24). Inthis paper,itis enforced at the midintervalpoints through

Simpson’s one-third rule (see Ref. 43),

X1 =Xk + (i /O)(fi + 4 + S 1) (32)
where fork=1,2,...,N — 1,
X = 21+ X0 — (/) (fivr —fi) (33)
U, = %(”m-l +u) (34)
tw =3t 1 + 1) (35)
S =F e, uie, 1) (36)
Jert =FOin, i1, tern) (37
S = G, s 1) (38)
The path constraintin Eq. (26) is converted into

SCer, up, t) >0 (39)

X

X, XN-1 W
X

h, : h, EhN-Z hy,
t t, Uno Una Oy

Fig.2 Conversion of a continuous variable into parameters.
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for k=1,2,..., N; the initial condition constraint in Eq. (25) is
converted into

px,n)=0 (40)
and the terminal constraintin Eq. (27) is converted into
Pxy,ty) >0 (41)

whereall vectorinequalitiesare enforced componentby component.
Putting all of the unknown variables together, we have

X' =

1 1

1 1 m
[)Cl,...,)CN,...,X

n n n m
1,...,xN,u1,...,uN,...,ul,...,uN,tf]

(42)

All of the converted constraintsare eitherlinearor nonlinearfunc-
tions of the parameter vector X. As a result, the original nonlinear
optimal control problemis approximatedby the following parameter
optimization problem:

n}(in o X) (43)
subjectto
X
L,<y AX ¢ <U, (44)
c(X)

This problem can be solved by the software NPSOL.** Strictly
speaking, the converted problem is an approximation to the orig-
inal optimal control problem. As the number of nodes becomes suf-
ficiently large, this approximation often converges to the original
problem.

In this paper, analytical gradients are provided for objective func-
tions. Numerical differencesare used for estimating gradients of the
constraint functions. There are (n +m)N 4+ 1 solution parameters
and n(N — 1) nonlinear constraints from the dynamic equations.
There is no linear constraint. Different number of time interval divi-
sions and initial guesses are used. The following results are obtained
with N =21.

Required Ranges with Heading Control

There are basically three control authorities for commercial air-
craft: heading, speed, and altitude. These control authorities can
be used singly or in combinations. This section examines required
ranges for conflict resolutions using heading control only during en
route flight.

With the use of heading control, it can be assumed that the two
aircraftinvolved in a potential conflict are in constant speed coalti-
tude level flights. Mathematically, V; = constandy; = 0fori =1, 2,
and ® =0. It is further assumed that V; =V,. The simplified and
normalized equations are

R' = cos(B — v,) — cos B (45)
B = (1/R)[—sin(B — 4,) + sin B] — tan ¢, (46)
W, =tan¢, — tan¢, (47)

where V.=V, =V,. _

In these equations, the state variablesare [R, B, 1, ]. For nonco-
operative maneuvers, ¢, is used as the control variable and ¢, =0.
For cooperativemaneuvers, both ¢, and ¢, are used as control vari-
ables.

The bank angle during a turn is limited by both the load factor and
passenger comfort. The maximum load factor can be stall limited,
structure limited, or thrust limited. It is always limited by thrust
during normal operations of commercial aircraft. During a cruise
flight, the thrust-limitedload factor correspondsto ¢max = 45 deg for
a typical commercial aircraft. On the other hand, passenger comfort
limits bank angle to about 20-30 deg. In this study, it is assumed
that ¢,.x = 30 deg.

The minimum range for the initiation of conflict resolution ma-
neuvers for a given relative heading angle represents the condition
from which proper conflict avoidance maneuvers would be barely
sufficient to avoid a potential conflict. This minimum range can be
determined from an optimal control problem. Mathematically,

min [ = R, (48)
$1.¢2.Ro.Tf

subject to Eqs. (45-47), path constraints

R >a (49)

(] < Pmax (50)
and the terminal constraint
Ié’(rf) =cos(B; —,;) —cos By >0 (51)

As initial conditions of the problem, Ry is open and is optimized
in the solution, B, is fixed and chosen from [0, 180 deg] due to
the problem symmetry, and ),, is selected to make the problem
meaningful:

Ié{] = cos(By — P,o) —cos By <0 (52)

The problem is meaningful if there exists a potential conflict. The
Appendix discusses choices of v, that satisfy Eq. (52) for given
values of 8. _
Solutions of the preceding problem are in the form of Ry, (B,
1,0). The required range for a given B is then determined from

_ A - o _ .
R(Bo) = max Ruin(Bo, P,¢) = max min Ry = Ry (ﬂo, %o)
¥ro Yro u(t),tf

(53)

This problem in Eq. (53) is solved as follows. For a given value
of By, an interval of 1, values that satisfy Eq. (52) is first deter-
mined from the Appendix. For each selected value of ),, within
this interval, the problem in Eq. (48) is solved using NPSOL. A
bisection method is used on v, to determine 7, that yields the
maximum minimum initial range in Eq. (53). The bisection process
is terminated when neighboring values of R(f,) are within 1% of
R(Bo)-

Figure 3 shows contours of required ranges with heading control,
as functions of the bearing angle. The bearing angle of f =0 cor-
responds to the head-on conflict scenario and requires the largest
range for conflict resolutionsthan all other values of . For the non-
cooperative case, AC; should maneuver at least 15.22 n mile from
AC; in a head-on encounter. For the cooperative case, both aircraft
should maneuver when the two aircraftare at least 11.5 n mile apart
in a head-on encounter. As the magnitude of the bearing angle in-
creases, the relative speed of the two aircraft decreases, resulting in
smaller required ranges. At 8 =180 deg, the required range coin-
cides with the minimum horizontal separation of 5 n mile. Clearly,

20—
Non-cooperative
157 \ B R
;7 i "/ Intruder A/C
Cooperative i AN
10t ’ ;
I
I
o 1
g s
0 .
=5}
Min. Horizontal Separation
ST 0 s 0 5 015
nmi

Fig.3 Contours of required ranges with heading control.
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cooperation of the two aircraft become important in reducing re-
quiredrangesforcloseto head-onconflict scenarios. For tail-chasing
types of conflicts, differences between cooperative and noncooper-
ative maneuvers are not significant. Cooperative maneuvers require
both aircraft to take corrective actions and, thus, have more con-
troller/pilot workloads than noncooperative maneuvers. Therefore,
it is better to employ a noncooperative strategy if it does not make
too much difference from the cooperative strategy.

Optimal banking control strategies corresponding to required
ranges exhibit bang-bang behaviors. Bank angles take values at
£30 deg. Different initial guesses of bank angles are used in solv-
ing the optimal control problem in Eq. (48), to determine which
bound yields R, (Bo, ¥,,) for given B, and 1,,. With a nonco-
operative strategy, AC; can either bank to the left or to the right,
depending on the orientation of AC,. With a cooperative strategy,
there are four combinations of banking strategies for the two air-
craft, namely, (£30, £30 deg). The optimal combination depends
on specific aircraft conditions. Determinations of optimal banking
rules are beyond the scope of the current paper.

Figure 4 shows the aircraft trajectories during the resolution of a
head-on conflict with cooperativeheading controls. This case corre-
sponds to the point on the required range contour at 8 =0 in Fig. 3,
where 17, = 180 deg. In this example, both aircraft turn to the right
with the maximum allowed bank angle of 30 deg. In this case of
B =0and v, = 180 deg, the two aircraft could equally both bank
to the left.

Figure 5 shows the aircraft trajectories corresponding to g =
50 deg on the required range contour with cooperative maneu-
vers. The banking directions shown are optimal. In this case, 1, =
255 deg. It seemed at the beginning that two types of 1,, might
correspond to the solutions in Eq. (53). The first type is given by

14p

10p

nmi
(=}

Original Traj.

[\
T

2 S 0 5 10

Fig. 4 Cooperative conflict resolution using heading control: 3, = 0
and ¢, =180 deg.

10
8,
Intruder
ol \‘¥’/ A
B4 i
o ? Original Traj.
0_
A OwnA/C

5 0 5 10

nmi

Fig. 5 Cooperative conflict resolution using heading control: 3, =
50 deg and v, = 255 deg.

Eq. (A3) in the Appendix that produces the most negative initial
approach rate of the two aircraft. The other type would produce a
directcollision of the two aircraftin the original flight paths. During
the numerical solutions of the problem in Eq. (53), it is found that
in general neither type of v,, maximizes R, (8o, ¥,¢)-

Required Ranges with Speed Control

Using speed controlalone does not affect the geometric shapes of
flight paths.Itisassumedthattp; = constand y; =0fori =1, 2,and
hy =h,. These assumptions determine ¢; =0, L; = W;, and ©® =0.
From Eq. (18), we have

D/W = (pS/2W)V3Cp(C) =nV3Cp(CL)  (54)
where
A 2
n=(pS/2W)V; (55)
C} can be calculated from L = W using Eq. (17),
CL=@2W/pS)(1/V?) = 1/m(1/V?) (56)

Then, Cp can be calculated from Eq. (19).
The simplified and normalized equations are given by

R = Vs cos(B —,y) — Vi cos B (57)
B =[=Vasin(B — v,4) + Visin(B)l/R (58)
Vi =11 (T1/ W)max — nVZCp (V1) (59)
V) = k2(To/ W)max — nV3Cp (V) (60)

where V., = Vjy = V. Thrust settings «; and «; are directly used as
control variables because the time needed for engine thrust spooling
is usually much shorter than the time needed for conflict avoidance
maneuvers. For noncooperativemaneuvers, k; is used as the control
variable and k, is such that V;, = 0. For cooperativemaneuvers, both
k1 and k, are used as control variables.

The thrust setting « (in percent) is constrained between idle (3%)
and full (100%). In particular, the steady-state cruise condition cor-
respondsto k =77%. However, the use of idle thrustduring cruising
flight would produce an excessive deceleration3® Therefore, it is im-
posed that

05 < Ky, Ky < 1 (61)

In addition, the following constraints are imposed on speed vari-
ations:

|‘71 - ‘710| <AV (62)
|‘72—‘720| <AV (63)

Appropriate choices of increment speed AV can guarantee that the
lift coefficient stays within appropriate limits.

The minimum range for the initiation of conflict resolution ma-
neuvers at a specific relative heading angle can be obtained from
the following optimal control problem:

min [ = R, (64)

K1,k2,R0,Tf

subject to Egs. (57-60), path constraints in Egs. (61-63) and
Eq. (49), and the terminal constraint

R'(ty) = [Vrcos(B —4,) = Vicosli=r, =0 (65)

As initial conditions of the problem, Iég is open, fy is selected from
[0, 180 deg], and

Voo = 1.0 (67)
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The initial relative heading 1), is selected within [0, 360 deg] that
satisfies Eq. (52) according to the Appendix. The required ranges
are determined similarly to those with heading control.

Figure 6 shows contours of required ranges for conflict resolu-
tions with speed control, as functionsof the bearing angle. Required
ranges with speedcontrolhave openends in the front, corresponding
to head-on conflict scenarios. This is because that without chang-
ing courses, speed control alone cannot avoid a head-on conflict.
Overall, required ranges with speed control are extremely large for
close to head-on encounters compared with those with heading con-
trol. Therefore, speed changes are ineffective in resolving potential
conflicts in close to head-on encounters. For close to tail-chasing
encounters, on the other hand, speed changes can be effective. Co-
operation of the two aircrafthelps to reduce the required ranges to a
certain extent. In addition, the use of a larger speed increment AV
results in smaller required ranges.

Optimal thrusting control strategies at required range contour
boundaries also exhibit bang-bang behaviors. Again, different ini-
tial guesses of thrust settings are used to obtain global solutions
in solving the problem in Eq. (64). With a noncooperative strat-
egy, AC, should either accelerate or decelerate maximally until the
aircraft reaches the specified airspeed bounds. For points on the re-
quired range contour, AC, always accelerates to avoid AC,. With
a cooperative strategy, one aircraft accelerates with « =1 while the
other aircraft decelerates with k = 0.5 [refer to Eq. (61)]. Exactly
which aircraftacceleratesdependson the relative orientations of the
two aircraft. Figures 7a and 7b show cooperative conflict resolution
trajectories at the point on the required range contour boundary in
Fig.6 with 8 =70deg.Inthiscase, AC, slowsdownby AV = 50kn,
whereas AC, speedsup by AV =50kn. The relative heading angle
that produces the maximum R, is ¢, = 320 deg.

30l Non~cooperative
60r Cooperative x )
\\ , "’ //
\\ ’ //
=40k % .
g \ S /S
= N ’ .
200 N L, K
Ay 1 4 /
B,
ol S
20 Min. Horizontal Separation

-60 -40 -20 0. 20 40 60
nmi

Fig. 6 Contours of required ranges with speed control, AV =50 kn.

40 ‘ ' ‘ "| — Original
35t - - Resolved

30+

25¢
o 205
=
= 15¢

Bo ,’//
of >

‘ A Own ‘A/C ‘
-10 0 10 20 30
nmi

Fig.7a Cooperative conflict resolution using speed control: 3, =70 deg
and ¢}, = 320 deg, horizontal path.

0 100 200 300

550

5001 T

knots
\

450 -l

100 200 300
Time in sec

400
0

Fig.7b Cooperative conflict resolution using speed control: 3y =70 deg
and wr*o = 320 deg, range and speed.

Required Ranges with Altitude Control

With altitude control only, it is assumed that both aircraft stay in
their original headings and speeds. Aircraft can change flight-path
angles and altitude levels to prevent a potential conflict. Therefore,
Y, =1,,and V; =0, fori =1, 2. It is assumed that V; = V.

In calculating required ranges with altitude control, flight-path
angles can be used as control variables. For commercial flights,
changes of flight-path angles take much less time than needed for a
conflict resolution maneuver. Constraints on flight-path angles are
imposed by thrusting capabilities and passenger comforts. Main-
taining a constant speed requires

Toin <T =D+ Wsiny < T
which leads to

(T = D)/ Wl < siny <[(T — D)/ W]

— max

Using extreme thrust settings of 100 and 3% (full and idle, respec-
tively), we obtain’®

=37=<y =11
in degrees. On the other hand, passenger comforts often dictate
—3=<y=3
in degrees. As a result,
-30<y <11 (68)

Proper choices of solution variables can improve numerical con-
vergences of optimization problems and can also lead to simplified
solutions. Equations (14-16) represent the time rates of inertial po-
sitions of AC,. They equally apply to AC, when all of the subscripts
are replaced by 2. By the differentiating of the right-hand sides of
Eqgs. (4-6), one obtains the relative aircraft equations of motion in
an inertial frame of reference. With normalized variables,

AX' = cosy, sinp,, — cosy, sint g (69)
AY' = cos ys cos,, — cosy; cosy, (70)
AR = sin y» — siny; 71

Define a transformation

Z; = AX costp,, — Aysinhy, (72)
2, = AXsintp,, + Ay cosp, (73)
7= (a/b)Ah (74)
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We have
7y = cosy,sin,, & sinep,, (75)
25 = COS ¥, COSP,; — COS Y| A costp,, — 1 (76)
2 = (a/b)(siny, —siny) =, —u; = u (77)
where
U, L (a/b)siny, (78)
u 2 (a/b)siny, (79)

The newly defined variables z; and z, relate to the horizontal
range in the polar coordinates and the bearing angle through

z) =rsinp (80)
7y =71 cos B (81)

The relative range R and the elevation angle © can be determined
from

R=VZ+2+b/a)z} =i+ [(b/a)zl?  (82)
sin® = Ah/R = (b/a)(z/R) (83)

The condition of successful conflict avoidance in Eq. (21) can be
stated as

72 /@ + [(AR)? /b*] = 1
or
Vid+Zd+2=a (84)

during all times. _
Because for a given Ah, and thus given zg,

min R, < min Zfo + Z%o < min 7y

the minimum range for the initiation of conflict resolution maneu-
vers at a specific relative heading angle can be determined from the
following optimal control problem:

minl =+/z3, 4+ 23, = 7o (85)

Fo.u,Ts
subject to Egs. (75-77), bounds on the control u
Umin < U < Unay (86)
and terminal constraints at 7,
2(ty) + Z2(zy) + 22(zp) = @ (87)
(212y + 2225 + 22, =0 (88)

Using the calculus of variations,it can be shown that this problem
results in bang-bang control. Thus, the control u is constant and
stays at bounds. From Egs. (75-77),

21 = 219 + sinap,,T = Fy sin By + sinp, T (89)
2o = Zo0 + (o8, — 1)T =Fycos By + (costp,, — 1)t (90)
z=12z0+ut (C2D)

Substituting these results into the terminal constraint in Eq. (88)
yields

o Folcos(By — o) — cos Byl + zou
= 2(1 — cosap,) + u?

Fofy + Zolt
- _ 92
2(1 — cosp,) + u? 92)

where
Py = cos(By — 1,0) — cos By (93)
To make the problem meaningful, it is required that
Tory + 202y = Tofy + zou < 0 (94)
Viiv2za (95)

Applying Eq. (92) into the other terminal constraint in Eq. (87),
we obtain

(72 + 22 — @) [2(1 — cosap,) + u?] — (FoFy + zou)> = 0 (96)

Because of Eq. (94), Eq. (96) leads to

\/(fg + 22— a2)[2(1 = cosep,g) +u?] = —(Fory +zou) (97

Therefore, the optimal control problem in Egs. (85-88) becomes
a parameter optimization problem with the cost function in Eq. (85)
and constraintsin Egs. (86), (95), and (97). As a result, the required
ranges for conflict resolutions with altitude control can be deter-
mined from the following static game:

max min 7, (98)
¥ro u
subject to Egs. (86), (95), and (97).
For noncooperative maneuvers, y;, thus, u;, is the only control
variable and y, = 0. Combining Eqs. (68), (77), and (79), we have
(in degrees)

U= —u Umin = —(a/b)sin 1.1 Upmax = (a/b) sin3.0

(99)

For cooperative maneuvers, both y; and y, are control variables,
and

U=, — U Umax = —Umin = (a/b)(sin 1.1 4+ sin3.0) (100)
Solution process of the maximization part is similar to the required
range calculations in the preceding sections.

Figure 8 shows contours of required ranges with altitude control,
as functions of the bearing angle. The bearing angle of § =0 cor-
responds to the head-on conflict scenario and requires the largest
response range than all other bearing angles. For the noncoopera-
tive case, AC; should maneuver at least 13.54 n mile from AC, in
a head-on encounter. For the cooperative case, both aircraft should
maneuver when the two aircraft are at least 10.47 n mile apartin a
head-onencounter. As the magnitude of the bearing angle increases,
the relative speed of the two aircraft decreases, resulting in smaller

20
15t Non-cooperative
PR Intruder A/C
Cooperative -~ N
E>s
0,
~5t
Min. Horizontal Separation

-10 : : : : :

—-15 -10 -5 0 5 10 15

nmi

Fig.8 Contours of required ranges with altitude control: dig = 0.
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Fig.9 Contours of required ranges with cooperative altitude control:
effects of dh.

required ranges. At 8 =180 deg, the required range becomes the
same as the minimum horizontal separation standard of 5 n mile.
As in the case with heading control, cooperation of the two aircraft
involved becomes important in reducing required ranges for close
to head-on conflict scenarios. For tail-chasing types of conflicts,
differences between cooperative and noncooperativemaneuvers are
not significant.

Let us now examine the differences between required ranges with
heading control in Fig. 3 and those with altitude control in Fig. 8.
With heading controls, the required ranges in a head-on encounter
are slightly larger than those with altitude controls, suggesting that
altitude controls are slightly more effective than heading controls
in resolving head-on conflict encounters. Overall, heading control
and altitude control are comparable in terms of effectivenessof con-
flict resolutions, despite that the horizontal separation requirement
(5 n mile en route) is much larger than the vertical separation re-
quirement (2000 ft over flight level 290).

When altitude controls are used, the required ranges for conflict
resolutions also depend on the initial altitude difference between
AC, and AC,. Figure 9 shows contours of required ranges with co-
operative altitude controls at different initial vertical separations.
With cooperative maneuvers, the required range contour is sym-
metric with respect to the horizontal plane of ® =0. As the initial
vertical separation increases in magnitude, the range required to
resolve a potential conflict decreases. The required ranges with co-
operative altitude controls in the case of dhy = 1000 ft are smaller
than the minimum horizontal separation standard of 5 n mile. This
is caused by the ellipsoidal approximation of the current minimum
separation requirements in Eq. (21). With noncooperative maneu-
vers, the required range contour is not symmetric with respect to
the horizontal plane of ® = 0 because the upper and lower bounds
on flight-path angles are not symmetric, as indicated by Eq. (68).
Details are omitted.

Optimal flight path-angle strategies at the required range con-
tour boundariesagain exhibitbang-bang behaviors. Differentinitial
guesses of flight-path angles are used to obtain global solutions in
solving the problem in Eq. (98). With a noncooperative strategy,
AC, should either climb at a maximum of 1.1 deg or descend at
—3.0 deg, depending on the initial altitude difference dh,. With a
cooperative strategy, there are two equivalent optimal solutions for
hyo = hyo. Eitheraircraftcan climb at 1.1 deg while the other aircraft
descendsat —3.0 deg. If 15y > hy, the AC, always climbs and AC,
always descends. It is the opposite if i < . If other factors such
as fuel economy are considered, these conclusions may be altered.

Comment

Problems formulatedin this paper can be extended to account for
effects of pilot/controller response times, communication delays,
etc. To this end, dynamic models of these effects can be added to the
equations of motion. Inclusion of these effects will likely increase
the sizes of required range contours.

Conclusions

This paper presents a systematic approach to estimating ranges
required for resolutionsof two-aircraftconflicts. Point-mass aircraft
models with a single control authority are employed. Aircraftcontrol
is assumed to be heading, speed, or altitude. Performance charac-
teristics of a typical commercial aircraft are used. Optimal control
problems are formulated to minimize the initial range between two
aircraft subject to aircraft dynamics and constraints from aircraft
performances and passenger comforts, so that if immediate conflict
resolution actions are taken, the potential conflict is barely resolved
during subsequentmotions. Required ranges for conflict resolutions
are then estimated by varying the initial relative heading angle to
producethe largest minimum initial range for each specified bearing
angle. Requiredrange contoursare calculated for the individualuses
of heading, speed, and altitude control. Both cooperativemaneuvers
and noncooperative maneuvers are examined.

The optimal control problems are converted to parameter opti-
mizations via a collocation approach and are solved numerically.
In the case of altitude control, the problem is reduced to a static
game and is solved numerically as a series of parameter optimiza-
tion problems. For the examples presented in this paper, en route
flight is assumed.

Required ranges with heading control and with altitude control
are similar, suggesting that heading control and altitude control are
comparablyeffectiveinresolvingpotentialconflicts. Requiredrange
contours with speed control have open front ends for small bearing
angles and are overall much larger than those with heading or al-
titude control. Therefore, heading control and altitude control are
more effective than speed control in resolving conflicts. Especially,
speed control alone is not sufficient to resolve potential conflicts
in head-on encounters. Speed control may be used to resolve con-
flicts in tail-chasing encounters. For a given control authority, it
requires a shorter range to resolve a potential conflict in tail-chasing
encounters than in head-on encounters. Cooperative maneuvers are
more effective than noncooperative maneuvers in resolving head-
on conflict encounters. When an intruder aircraft approaches from
behind the own aircraft, the benefits of cooperative maneuvers over
noncooperative maneuvers become small.

Appendix: Determination of Initial Relative Headings
Given B, determine values of v, for which the time derivative
of the initial range is negative, so that the ensuing optimization
problem is meaningful. Omitting subscripts ( ), for simplicity, the

problem here is to determine values of 10, for a given B, such that

f@,) =cos(B —1,) —cosp <0 (A1)

Itis assumed that || <7 and 0 <), <2m.

For |B| = m, the initial separation rate is nonnegative so that the
problem of required range calculation is not meaningful. At this
point, the required range coincides with the minimum separation
standard. For § in the range of 0 < || <, appropriate values of
1, that make the initial separation rate negative are given by

28 <, < 2m (A2)

where the value of 1, that makes the initial separation rate most
negative is given by

Yr=p+m (A3)
which leads to
f=-1—cosB (A4)
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